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Abstract
This is part two of a series of four methodological papers on (bi)quaternions
and their use in theoretical and mathematical physics: 1 - Alphabetical bib-
liography, 2 - Analytical bibliography, 3 - Notations and definitions, and 4 -
Formulas and methods.
This quaternion bibliography will be further updated and corrected if
necessary by the authors, who welcome any comment and reference that is
not contained within the list.
Living report, to be updated and corrected by the authors, first published on the
occasion of the bicentenary of the birth of William Rowan Hamilton (1805–2005).
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2 Introduction
The purpose of the present analytical bibliography is to present a selection, but
as comprehensive as possible, of the use of biquaternions in theoretical and
mathematical physics, with an emphasis on their applications to fundamental
rather than applied topics.1
This bibliography is already available as an alphabetic list [1]. But, in that
form, it is not much more useful than the internet. What is needed is a logically
sorted bibliography — an analytical bibliography that can be used by physicists to
solve a problem, and by mathematicians to see what is of interest to physicists.
As is well known to anybody who has tried to classify a large set of scientific
papers, sorting a bibliography is a very difficult and time-consuming task: It took
us over ten years to bring this bibliography into its present form.
Of course, there is a certain amount of subjectivity and arbitrariness in design-
ing any classification scheme. For this reason there will be a few sentences of
introduction at the beginning of every subset of papers, explaining what is being
collected in every chapter and section of the bibliography.
Similarly, in this general introduction, we would like to explain what we mean
by “mathematical physics,” the concept which appears in the titles of this series
of methodological papers [1, 2, 3, 4], and which is our main thread in compiling
and sorting our alphabetical and analytical bibliographies.
According to Ludvig Faddeev, “the main goal of mathematical physics is the
use of mathematical intuition for the derivation of really new results in fundamen-
tal physics” [5]. In the present case, the mathematical tool is complex quaternion
algebra and analysis, which is so well suited to physics in our four-dimensional
world that there is no important fundamental result which cannot be elegantly
formulated and concisely derived using biquaternions, and only few quaternionic
generalizations of fundamental theories which do not correspond to physical re-
ality. This is, in a forceful way, the confirmation of the validity of “Hamilton’s
conjecture,” the intuition that motivated Hamilton’s dedication to quaternions, and
their applications to physics, for most of the second half of his life (see Ref. [13]
in Sec. 6.1).
However, this bibliography is not restricted to just papers in which quaternions
or biquaternions are used explicitly: it also covers papers in which a hypercomplex
coordinate-free whole-symbol system allied to quaternions is used (e.g., Clifford-
1The only exceptions to this rule are papers or books of general interest, and papers included
for completeness when they are important to understand other papers.
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numbers, Pauli vector-matrices, Eddington-numbers, semivectors, two-component
spinors, twistors, etc.), and papers in which a quaternion or biquaternion structure
plays a central role. The kind of papers that are not included are those in which a
strictly conventional matrix-type formalism is used (e.g., the Pauli- or Dirac-matrix
formalisms), and papers which have not been published (or would not qualify to
appear) in peer-reviewed journals.
An important criterion used in compiling our bibliography is that it includes
only papers which we have read, so that we were able to attach a few keywords to
each entry in the reference list. These keywords have the format %%KEYWORD,
where “%” is the symbol used for comments in TEX so that they do not appear in the
compiled bibliography, and where KEYWORD is always written in capital letters
and in the singular. However, the keywords are visible and can be searched for in
the TEX-source of the bibliography. As a matter of fact, this is how the present
“analytical” bibliography was created starting from the “alphabetical” one. For
this reason the titles of the following chapters, Chaps. 3 to 9, and their sections,
are nothing but the main keywords attached to every reference listed in them.
Finally, in Chap. 10, at the end of the bibliography, we detail the conventions
used for the labels and styles of all types of references, of which typical examples
are given in Sec. 10.6.
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3 MATHEMATICS
This chapter contains a selection of mathematical quaternion-papers which are of
direct interest to mathematical physics. It not does contain however numerous
papers or books in which quaternions, biquaternions, or quaternion structures are
primarily studied or used in the context of “pure mathematics.”
While the concept of quaternion as defined by Hamilton has a universal accep-
tance, it should be stressed that there are several definitions for related concepts
such as “biquaternions” and “pseudo-” or “generalized-” quaternions. As is ex-
plained in our paper on notations and terminology, Ref. [3] of Chap. 2, we remain
as much possible consistent with Hamilton’s original definitions. For example,
just like quaternions will always be elements x ∈ H, the term biquaternion will
always refer to Hamilton’s complexified quaternions (i.e., x ∈ B), and not to
Cayley’s (which are now called “octonions,” x ∈ O), or to Clifford’s (which are
in a way an anticipation of Penrose’s “twistors”).2
3.1 MATH-VARIA
The books by W.R. Hamilton, P.G. Tait, and C.J. Joly listed in this section also
contain chapters or sections on the applications of quaternions to classical physics.
1. A. Cayley, On certain results relating to quaternions, Phil. Mag. and J. of
Science 26 (1845) 141–145.
2. A. Cayley, On the application of quaternions to the theory of rotations, Phil.
Mag. 33 (1848) 196–200.
3. P.G. Tait, An elementary Treatise on Quaternions (Clarendon, Oxford, 1867)
321 pp.
4. C.A. Laisant, Introduction a` la Me´thode des Quaternions (Gauthier-Villars,
Paris, 1881) 242 pp.
5. P.G. Tait, Quaternions, Encyclopedia Britannica (1886) SP-2:445–455.
6. W.R. Hamilton, Elements of Quaternions, Vol. I et II (First edition 1866;
second edition edited and expanded by C.J. Joly 1899-1901; reprinted by
Chelsea Publishing, New York, 1969) 1185 pp.
2There are four Clifford algebras of dimension 8 over the reals: Cℓ3,0 andCℓ1,2 are isomorphic
to B, whereas Cℓ0,3 and Cℓ2,1 are Clifford’s misnamed “biquaternions.”
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7. G. Combebiac, Sur l’application du calcul des biquaternions a` la ge´ome´trie
plane, Bull. Soc. Math. France 26 (1898) 259–263.
8. C.J. Joly, A Manual of Quaternions (MacMillan, London, 1905) 320 pp.
9. A. Macfarlane, Unification and development of the principle of the algebra
of space, in: A. Macfarlane, ed., Bull. of the Inter. Assoc. for promoting the
study of quaternions and allied systems of mathematics (New Era Printing
Company, Lancaster PA, 1910) 41–92.
10. E. Madelung, Die Mathematischen Hilfsmittel des Physikers (Springer Ver-
lag, Berlin, 1925, 6th edition 1957) 535 pp.
11. D. Quadling, Q for quaternions, Math. Gazette 63 (1979) 98–110.
12. P. Gerardin and W.C.W. Li, Fourier transforms of representations of quater-
nions, J. Reine. Angew. Math. 359 (1985) 121–173.
13. H. Gluck, The geometry of Hopf fibrations, L’Enseignement Mathe´matique
32 (1986) 173–198.
14. D. Gro¨ger, Homomorphe Kopplungen auf des Ko¨rper der reellen Quater-
nionen, Arch. Math. 58 (1992) 354–359.
15. A.F. Horadam, Quaternion recurrence relations, Ulam Quarterly 2 (1993)
23–33.
16. G. Gentili, S. Marchiafava, and M. Pontecorvo, eds., Proc. of the Meeting
on Quaternionic Structures in Mathematics and Physics (SISSA, Trieste,
Italy, September 5-9, 1994) 270 pp. Available at
http://www.math.unam.mx/EMIS/proceedings/QSMP94/contents.html .
17. J.P. Ward, Quaternions and Cayley numbers (Kluwer, Dordrecht, 1997)
237 pp.
18. M. Stroppel, A characterization of quaternion planes, revisited, Geometriae
Dedicata 72 (1998) 179–187.
19. S. Marchiafava, P. Piccinni and M. Pontecorvo, eds., Proceedings of the 2nd
meeting on “Quaternionic structures in mathematics and physics,” Rome,
6–10 September 1999 (World Scientific, Singapore, 2001) 469 pp.
20. L. Traversoni, Image analysis using quaternion wavelets, in: E.B Cor-
rochano and G. Sobczyk, eds., Geometric Algebra with Applications in
Science and Engineering (Birka¨user, Basel, 2001) 326–345.
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21. D. Janovska and G. Opfer, Given’s transformation applied to quaternion
valued vectors, BIT Numer. Math. 43 (2003) 991–1002.
22. T. Jiang and M. Wei, Equality constrained least squares problem over quater-
nion field, Appl. Math. Lett. 16 (2003) 883–888.
23. T.Y. Lam, Hamilton’s quaternions, in: M. Hazewinkel, ed., Handbook of
Algebra 3 (Elsevier, Amsterdam, 2003) 429–454.
24. D.W. Lyons, An elementary introduction to the Hopf fibration, Mathematics
Mag. 76 (2003) 87–98.
25. A.S. Dancer, H.R. Jorgensen and A.F. Swann, Metric geometries over the
split quaternions (2004) 23 pp.; e-print arXiv:math/0412215 .
26. W.M. Goldman, An exposition of results of Fricke (2004) 18 pp.; e-print
arXiv:math/0402103 .
27. D.Jin and G Jin, Matrix maps for substitution sequences in the biquaternion
representation, Phys. Rev. B 71 (2005) 014212.
28. N. Elkies, L.M. Pretorius and K.J. Swanepoel, Sylvester-Gallai theorems for
complex numbers and quaternions, Discrete & Computational Geom. 35
(2006) 361–373.; e-print arXiv:math/0403023 .
29. S. Ivanov, I. Minchev and D. Vassilev, Quaternionic contact Einstein struc-
tures and the quaternionic contact Yamabe problem (2006) 51 pp.; e-print
arXiv:math/0611658 .
30. T.A. Ell and S.J. Sangwine, Quaternion involutions, Computers and Math.
Appl. 53 (2007) 137–143; e-print arXiv:math/0506034 .
31. D. Wang, The largest sample eigenvalue distribution in the rank 1 quater-
nionic spiked model of Wishart ensemble, 47 pp.; e-print arXiv:0711.2722 .
3.2 ALGEBRA
Emphasis on algebraic operations and basic properties of algebras.
See also GROUP-THEORY, Sec. 3.8.
1. W.R. Hamilton, On a new species of imaginary quantites connected with a
theory of Quaternions, Proc. Roy. Irish Acad 2 (1843) 424–434.
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2. W.R. Hamilton, On the geometrical interpretation of some results obtained
by calculation with biquaternions, Proc. Roy. Irish Acad. 5 (1853) 388–
390.
3. B. Peirce, Linear associative algebras, Amer. J. Math. 4 (1881) 97–229.
4. A. Buchheim, A memoir on biquaternions, Am. J. Math. 7 (1885) 293–326.
5. A. Macfarlane, Hyperbolic quaternions, Proc. Roy. Soc. Edinburgh 23
(1899/1900) 169–181.
6. G. Combebiac, Calcul des Triquaternions (Gauthier-Villars, Paris, 1902)
122 pp. Reviewed by C.J. Joly, The Mathematical Gazette 2 No 35 (1902)
202–204.
7. E. Cartan, Nombre complexes: Expose´ d’apre`s l’article allemand de E.
Study, Encyclop. Sc. Math. 15 (1908); reprinted in: E. Cartan, Oeuvres
Comple`tes, Partie II (Editions du CNRS, Paris, 1984) 107–467.
8. L.E. Dickson, On quaternion and their generalization and the history of the
eight square theorem, Ann. of Math. 20 (1918) 155–171.
9. C.L.E. Moore, Hyperquaternions, J. of Math. and Phys. 1 (1922) 63–77.
10. L.G. DuPasquier, Sur une the´orie nouvelle des ide´aux de quaternion com-
plexes, Atti Congr. Int. Mat. Bologna (3–10 Settembre, 1928) Vol. 2,
p.135–143.
11. J. Grize, Sur les corps alge´briques dont les nombres s’expriment rationnelle-
ment a` l’aide de racines carre´es et sur les quaternions complexes, The`se
(Universite´ de Neuchaˆtel, 1932) 95 pp.
12. R. Fueter, Quaternionringe, Comm. Math. Helv. 6 (1933/1934) 199–222.
13. O. Ore, Theory of non-commutative polynomials, Ann. of Math. 34 (1933)
480–508.
14. R. Fueter, Zur Theorie der Brandtschen Quaternionenalgebren, Math. An-
nalen. 110 (1935) 650-661.
15. D.M. Brown, Arithmetics of rational generalized quaternion algebras, Bull.
Amer. Math. Soc. 46 (1940) 899–908.
16. L. Brand, The roots of a quaternion, Amer. Math. Monthly 49 (1942)
1519–1520.
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17. I. Niven, The roots of a quaternion, Amer. Math. Monthly 49 (1942)
386–388.
18. C.S. Williams and G. Pall, The thirty-nine systems of quaternions with a
positive norm-form and satisfactory factorability, Duke Math. J. 12 (1945)
527–539.
19. H.E. Salzer, An elementary note on powers of quaternions, Amer. Math.
Monthly 59 (1952) 298–300.
20. M. Leum and M.F. Smiley, A matric proof of the fundamental theorem of
algebra for real quaternions, Amer. Math. Monthly 60 (1953) 99–100.
21. G. Pall and O. Taussky, Application of quaternions to the representations of
a binary quadratic form as a sum of four squares, Proc. Roy. Irish Acad. A
58 (1957) 23–28.
22. G. Aeberli, Der Zusammenhang zwischen quaterna¨ren quadratischen For-
men und Idealen in Quaternionenring, Comm. Math. Helv. 33 (1959)
212–239.
23. A.C. Smith, Hamiltonian algebras, Rev. Fac. Sci. Istanbul Univ. 24 (1959)
69–79.
24. H. Gross, Darstellungsanzahlen von quaterna¨ren quadratischen Stammfor-
men mit quadratischer Diskriminante, Comm. Math. Helv. 34 (1960)
198–221.
25. W.F. Eberlein, The geometric theory of quaternions, Amer. Math. Monthly
70 (1963) 952–954.
26. A.F. Horadam, Complex Fibonacci numbers and Fibonacci quaternions,
Amer. Math. Monthly 70 (1963) 289–291.
27. I. Kaplanski, Submodules of quaternion algebras, Proc. London Math. Soc.
19 (1969) 219–232.
28. S. Okubo, Pseudo-quaternion and pseudo-octonion algebras, Hadronic J. 1
(1978) 1250–1278.
29. D.W. Lewis, A product of Hermitian forms over quaternion division-algebras,
J. London Math. Soc. 22 (1980) 215–220.
30. D.R.Estes and O. Taussky, Remarks concerning sums of three squares and
quaternion commutators identities, Linear Alg. Appl. 35 (1981) 279–285.
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31. G. Walker, Estimates for the complex and quaternionic James numbers,
Quart. J. Math. 32 (1981) 467–489.
32. R.T. Jantzen, Generalized quaternions and spacetime symmetries, J. Math.
Phys. 23 (1982) 1741–1746.
33. R. Farnsteiner, Quaternionic Lie algebra, Linear Alg. Appl. 61 (1984)
1225–231.
34. J.F. Plebanski and M. Przanowski, Generalizations of the quaternion algebra
and Lie-algebras, J. Math. Phys. 29 (1988) 529–535.
35. J. Minac, Quaternion fields inside Pythagorean closure, J. of Pure and Appl.
Algebra 57 (1989) 79–82.
36. J. Minac, Classes of quaternion algebras in the Brauer group, Rocky Moun-
tains J. of Math. 19 (1989) 819–831.
37. R. Shaw, A two-dimensional quaternionic construction of an 8-dimensional
ternary composition algebra, Nuovo Cim. B 104 (1989) 163–176.
38. V.V. Sergeichuk, Classification of sesquilinear forms, pairs of Hermitian-
forms, self-conjugated and isometric operators over the division ring of
quaternions, Math. Notes 49 (1991) 409–414.
39. P. Lounesto, On invertibility in lower dimensional Clifford algebras, Adv.
Appl. Clifford Alg. 3 (1993) 133–137.
40. O. Thomas, A local-global theorem for skew-Hermitian forms over quater-
nion algebras, Commun. in Algebra 23 (1995) 1679–1704.
41. J.C. McConnell, Division algebras — Beyond the quaternions, Amer. Math.
Monthly 105 (1998) 154–162.
42. R. Arens, M. Goldberg, and W.A.J. Luxemburg, Stable norms on complex
numbers and quaternions, J. of Algebra 219 (1999) 1–15.
43. S.L. Eriksson-Bique, The binomial theorem for hypercomplex numbers, Ann.
Acad. Scient. Fennicae Math. 24 (1999) 225–229.
44. T. Holm, Derived equivalence classification of algebras of dihedral, semidi-
hedral, and quaternion type, J. Algebra, 211 (1999) 159–205.
45. R. Serodio, E. Pereira and J. Vitoria, Computing the zeros of quaternion poly-
nomials, Computers and Mathematics with Applications 42 (2001) 1229–
1237.
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46. A. Gsponer, Explicit closed-form parametrization of SU(3) and SU(4) in
terms of complex quaternions and elementary functions, Report ISRI-02-05
(22 November 2002) 17 pp.; e-print arXiv:math-ph/0211056 .
47. J.I. Deutsch, A quaternionic proof of the representation formula of a qua-
ternary quadratic form, J. Number Th. 113 (2005) 149–174; e-print
arXiv:math/0406434 .
48. A.A. Bogush and V.M. Red’kov, On unique parametrization of the linear
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51. D. Janovska and G. Opfer, Computing quaternionic roots by Newton’s
method, Electronic Trans. Numer. Anal. 26 (2007) 82–102.
52. S.O. Juriaans, I.B.S. Passi, and A.C. Souza-Filho, Hyperbolic unit groups
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53. S.J. Sangwine and N. Le Bihan, Quaternion polar representation with a
complex modulus and complex argument inspired by the Cayley-Dickson
form (2008) 4 pp.; e-print arXiv:0802.0852 .
3.3 INTEGRAL-QUATERNION
See also GROUP-THEORY, Sec. 3.8.
1. R. Lipschitz, Recherches sur la transformation, par des substitutions re´elles,
d’une somme de deux ou trois carre´s en elle-meˆme, J. de Mathe´matiques 2
(1886) 373–439.
2. A. Hurwitz, Uber die Zahlentheorie der Quaternionen, in: Mathematische
Werke von Adolf Hurwitz, Vol. 2 (Birkha¨user, Basel, 1963) 303–330.
3. L.-G. DuPasquier, Sur l’arithme´tique des nombres hypercomplexes, L’Ensei-
gnement Mathe´matique 18 (1916) 201–259.
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4. A. Hurwitz, Vorlesung u¨ber die Zahlentheorie der Quaternionen (Springer,
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5. L.E. Dickson, Arithmetic of quaternions, Proc. London Math. Soc. 20
(1921) 225–232.
6. L.E. Dickson, On the theory of numbers and generalized quaternions, Amer.
J. Math. 46 (1924) 1–16.
7. H.L. Olson, Doubly divisible quaternions, Ann. of Math. 31 (1930) 371–
374.
8. R.E. O’Connor and G. Pall, The quaternion congruence tat = b(mod g),
Am. J. Math. 61 (1939) 487–508.
9. G. Pall, On the arithmetic of quaternions, Trans. Amer. Math. Soc. 47
(1940) 487–500.
10. G. Pall, Quaternions and sums of three squares, Amer. J. Math. 64 (1942)
503–513.
11. G. Benneton, Sur l’arithme´tique des quaternions et des biquaternions (oc-
tonions), Ann. Sci. Ec. Norm. Sup. 60 (1943) 173–214.
12. I. Niven, A note on the number theory of quaternions, Duke Math. J. 13
(1946) 397–400.
13. W.A. Rutledge, Quaternions and Hadamard matrices, Proc. Amer. Math.
Soc. 3 (1952) 625–630.
14. A. Pizer, On the arithmetic of quaternion algebras I, Acta Arith. 31 (1976)
61–89.
15. A. Pizer, On the arithmetic of quaternion algebras II, J. Math. Soc. Japan
28 (1976) 676–688.
16. C. Muse`s, Hypernumbers and quantum field theory with a summary of
physically applicable hypernumber arithmetics and their geometries, Appl.
Math. and Comput. 6 (1980) 63–94.
17. R.C. Thompson, Integral quaternion matrices, Lin. Algebra Appl. 104
(1988) 183-185.
18. M. Koca and N. Osdes, Division algebras with integral elements, J. Phys.
A22 (1989) 1469–1493.
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19. M. Koca, Icosian versus octonions as descriptions of the E8 lattice, J. Phys.
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20. M. Koca, E8 lattice with icosians and Z5 symmetry, J. Phys. A22 (1989)
4125–4134.
21. M. Koca, Symmetries of the octonionic root system of E8, J. Math. Phys. 33
(1992) 497–510.
22. E. Conrad, Jacobi’s Four Square Theorem (13 March 2002) 11 pp. Avail. at
http://www.math.ohio-state.edu∼econrad/Jacobi/sumofsq/sumofsq.html .
23. Y. Goren, Quaternions and Arithmetic, Colloquium, UCSD (October 27,
2005) 14 pp. Available at
http://www.math.mcgill.ca/goren/PAPERSpublic/quaternions.pdf .
3.4 EQUATION
See also DETERMINANT, Sec. 3.7.
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3.5 LINEAR-FUNCTION
See also MATRIX, Sec. 3.6.
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4 RELATIVISTICS
Mathematical aspects of relativistics, i.e., relativity theory, and mathematical meth-
ods associated with that theory. Papers dealing with specific applications to fields
and physics are collected in Chaps. 5 and 6.
The exception to this rule is Sec. 4.6 on general relativity theory which does not
allow for such a separation since according to it gravitation is a purely geometrical
effect.
4.1 SPECIAL-RELATIVITY
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5 FIELDS
This chapter contains papers related to classical (i.e., “non-quantized”) fields which
have a stronger emphasis on mathematics and theory than physics and applications.
Papers in which fields are expressed in curved space-time are collected in
Sec. 4.6.
Papers dealing with specific applications are collected in Chap. 6 or 7. For
example, Sec. 5.2 in the present chapter contains theoretical papers on Dirac’s
equation and field, while Sec. 7.1 contains papers in which Dirac’s equation is
applied to atomic physics.
The use of biquaternions naturally implies formulations in which Minkowski’s
metric and Einstein’s relativity are automatically implemented. However, papers
in which Galilean relativity and non-relativistic limits are considered can also
be written using quaternions or biquaternions in such a way that the relations to
Minkowski’s metric and Einstein’s relativity are hidden or lost. For example,
Pauli’s equation for a non-relativistic spin 1
2
field can be written as a purely real
quaternion equation. Such papers are also collected in this chapter.
5.1 SPIN-1 (MAXWELL, PROCA)
This section contains papers on Maxwell’s and Proca’s equations and fields, as
well as papers on spin 0 fields when they are discussed in conjunction with spin 1
fields.
Applications are in sections ELECTRODYNAMICS and QUANTUM-ELEC-
TRODYNAMICS, i.e., Secs. 6.4 and 7.2.
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6 PHYSICS
This chapter contains papers in which the quaternion formalism and quaternion
methods are applied to physics, with an emphasis on applications of a fundamental
rather than practical character.
However, papers in which quaternions are applied to GENERAL-RELATIVITY
are in Chap. 4 on “relativistics,” and papers in which quaternions are applied to
QUANTUM-PHYSICS are in Chap. 7 on “quantics.”
Moreover, as was explained in Chap. 2, the bibliography also includes se-
lected papers in which a formalism allied to quaternions is used (e.g., semivectors
or Clifford numbers), especially if these papers could have been written using
quaternions rather than the closely related formalism.
On the other hand, the numerous papers which use a standard tensor or ma-
trix formalism (e.g., the Pauli- or Dirac-matrices, and the corresponding two- or
four-component formalisms) are excluded from the bibliography. The reason for
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6.2 MECHANICS
This section also includes papers on “analytical mechanics,” and “generalized
dynamics,” etc.
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8 ALLIED FORMALISMS
This chapter contains papers on algebraic formalisms that are closely related
to quaternions and biquaternions, either because they are essentially equivalent
to them (e.g., Einstein-Mayer’s semivectors) or a generalization of them (e.g.,
Clifford numbers).
However, this chapter covers only the major formalisms allied to quaternions,
i.e., only those which have gained some level of popularity, and not the many
formalisms that have been, and continue to be, introduced.
Since these formalisms have been invented after the discovery of quaternions,
the related sections are listed in the historical order in which they were introduced.3
8.1 OCTONION (“Cayley’s numbers”)
Octonions were independently discovered, first in 1843 a few months after the
discovery of quaternions by Charles Grave (who called them “octaves”), and then
in 1845 by Arthur Cayley (who called them “biquaternions”).
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8.2 GRASSMANN (“Grassmann’s calculus of extensions”)
Hermann G. Grassmann’s “calculus of extensions” of 1844/1862 is the first attempt
to define explicitly the notions of “n-dimensional vector space,” and of “internal”
and “external” products of vectors.
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8.3 CLIFFORD (“Clifford numbers”)
William K. Clifford introduced in 1873 two different kind of 8-dimensional al-
gebras that he called “biquaternions,” and then in 1878 a general theory of linear
associative algebras of dimension 2n, denoted Cℓp,q where n = p+ q.
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8.4 EDDINGTON (“Eddington numbers”)
The “E-numbers” introduced by Arthur S. Eddington in 1928 are equivalent to
elements of the algebra of the Dirac matrices, i.e., to elements of the Clifford
algebra Cℓ4,1. Eddington’s formalism corresponds to the first use of Clifford
numbers in relation to Dirac’s theory.
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8.5 SEMIVECTOR (“Einstein-Mayer’s spinors”)
Semivectors were introduced in 1932 by Einstein and his assistant Walter Mayer,
possibly in reaction to the work on Dirac’s equation by his previous assistant,
Cornelius Lanczos. Einstein-Mayer’s formulation of Dirac’s equation is based
on 4 × 4 matrices which in flat spacetime reduces to Lanczos’s biquaternionic
formulation.
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8.6 HESTENES (“Hestenes’s space-time algebra”)
Hestenes’s 16-dimensional “space-time algebra” formalism (based on the Clifford
algebra Cℓ1,3) was designed in 1966 to provide a substitute for the standard 32-
dimensional Dirac formalism (equivalent to the Clifford algebra Cℓ4,1) such that
all references to complex numbers are avoided.
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9 MISCELLANEA
9.1 HISTORY and APPRECIATION
Historical papers on quaternions and on Hamilton (1805-1865), as well as some
appreciations of quaternions and Hamilton’s devotion to them.
Historical papers on algebras in general.
The historical papers on specific formalisms allied to quaternions are in the
respective sections of Chap. 8.
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10 Conventions used in the bibliog-
raphy
10.1 Conventions for the TEX citation-label
The TEX citation-label has always 10 characters, i.e.:
LASTN1234- or LASTN1234X ,
were LASTN are the 5 first characters of the last name, “1234” the four-digit year,
and “X” is A, B, C, ..., Z if there are more than one reference for the author in that
year.
If the author last name has less that 5 characters, the missing characters are
replaced by “-”s.
N.B.: In the case where different authors have the same last name the 10th
character (i.e., “-”) will be used to remove possible ambiguities that may arise in
a given year.
10.2 Conventions for the references’s "style"
Authors: Only first character of first-names. Ex: P.A.M. Dirac.
Composite last-names are concatenated: De Broglie→ DeBroglie.
Two authors: Use “and” between their names.
Three or more authors: Use “, and” before the last author in the list.
Book titles: Capitalize First Letter of Each Word. Normal characters.
Article titles: Capitalize only first letter of first word. Italic characters.
Editor(s): Use “ed.” or “eds.”
Latin: Use only unambiguous combinations such as: “et al.”, “ibid.”, ‘in:”...
Volume numbers: Bold characters.
No other bold symbol should appear anywhere in the bibliography file.
Number of pages in a book: “123 pp.” (Non-break space: “∼” in TEX.)
First and last pages of article: “123–456" (Medium dash: “- -” in TEX.)
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Examples of typical references are given in Sec. 10.6.
10.3 Internet URLs and arXiv.org links
In order that they are properly processed by the arXiv.org TEX-compiler, a
white space “ ” is put in the front and in the back of all internet URLs and
arXiv.org links. Moreover, they are underlined . These conventions insure
that the URLs and links are properly recognized, and that they are not hyphenated.
For instance, clicking the arXiv.org link arXiv:name/number automati-
cally generates the internet URL http://www.arXiv.org/abs/name/number .
10.4 Non-TEX conventions: directives and keywords
In the file special TEX comments are used to introduce the keywords, and to
introduce directives to the bibliography update/search/display computer programs:
• Standard comments start with “%”
• Bibliography KEYWORDS start with “%%”
• Bibliography directives start with “%$”
10.5 Directives
• %$D : date of entry in DDMMYYYY format
• %$C : a commentary/appreciation of the document follows
• %$L : this reference is on loan to the person whose name follows
• %$M : this reference is missing or lost
• %$N : this reference is not yet filed in its envelope/folder
• %$O : this reference is on order from some library
• etc.
The date of entry is particularly important for making automatic updates. It is
normally the last item in a bibliography entry, unless there is a commentary which
is appended at the very end of it.
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10.6 Format of typical references
What follows is a list of typical references in which the label, keywords, and
directives are made visible.
• Book:
LANCZ1949- C. Lanczos, The Variational Principles of Mechanics (Dover,
New-York, 1949, 1986) 418 pp. Quaternions pages 303–314. %%BOOK,
%%QUATERNION, %%SPECIAL-RELATIVITY, %$D06022002.
• Conference proceedings, festschrift or contributed volume:
SPROS1996- W. Spro¨ssig and K. Gu¨rlebeck, eds., Proc. of the Symp. “Ana-
lytical and Numerical Methods in Quaternionic and Clifford Analysis,” Seif-
fen, June 5–7, 1996 (TU Bergakademie Freiberg, 1996) 228 pp. %%BOOK,
%%QUATERNION, %%ANALYTICITY, %%CLIFFORD, %$D20032002.
• Paper in a conference proceedings, festschrift, or contributed volume:
PENRO1990- R. Penrose, Twistors, particles, strings and links, in: D.G.
Quillen et al., eds., The Interface of Mathematics and Particle Physics
(Clarendon Press, Oxford, 1990) 49–58. %%QUATERNION, %%TWISTOR,
%$D05022002.
• Paper in a journal:
WEISS1941- P. Weiss, On some applications of quaternions to restricted
relativity and classical radiation theory, Proc. Roy. Irish Acad. A
46 (1941) 129–168. %%QUATERNION, %%MAXWELL, %%SPINOR,
%%LORENTZ-DIRAC, %$D09022002.
• Two authors:
EINST1932- A. Einstein and W. Mayer, Semi-Vektoren und Spinoren,
Sitzber. Preuss. Akad. Wiss. Physik.-Math. Kl. (1932) 522–550.
%%QUATERNION, %%SEMIVECTOR, %$D05022002.
• Report or preprint:
VELTM1997- M. Veltman, Reflexions on the Higgs system, Report 97-
05 (CERN, 1997) 63 pp. %%BOOK, %%QUATERNION, %%LEPTO-
DYNAMICS, %%GAUGE-THEORY, %$D14052001, %$C Veltman uses
quaternions in the form of 2x2 matrices.
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• Ph.D. thesis:
GURSE1950A F. Gu¨rsey, Applications of quaternions to field equations,
Ph.D. thesis (University of London,1950) 204 pp. %%BOOK, %%QUATER-
NION, %%DIRAC, %%GENERAL-RELATIVITY, %%LANCZOS,
%%PROCA, %$D20032002.
• Unpublished document:
GSPON1993A A. Gsponer and J.-P. Hurni, Quaternion bibliography: 1843–
1993. Report ISRI-93-13 (17 June 1993) 35 pp. This is the first version of
the present bibliography, with 228 entries. %%QUATERNION, %%BIB-
LIOGRAPHY, %$D20032002.
• “arXived” e-print:
GSPON2002D A. Gsponer, Explicit closed-form parametrization of SU(3)
and SU(4) in terms of complex quaternions and elementary functions, Re-
port ISRI-02-05 (22 November 2002) 17 pp.; e-print arXiv:math-ph/0211056 .
%%QUATERNION, %%ALGEBRA, %%HADRODYNAMICS, %$10092005.
• Internet page:
NOBIL2006- R. Nobili, Fourteen steps into quantum mechanics, HTML
document (Posted in 2006) about 13 pp.; available at
http://www.pd.infn.it∼rnobili/qm/14steps/14steps.htm . %%QUATERNION,
%%QUANTUM-PHYSICS, %%QQM, %$D25.
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